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Abstract 
Sierksma, G., The skeleton of the symmetric Traveling Salesman Polytope, Discrete Applied Mathe- 
matics 43 (1993) 63-74. 
The vertices of the skeleton of the symmetric Traveling Salesman Polytope are the characteristic vectors 
corresponding to the Hamiltonian tours in the complete graph K, with n~3, and the edges of this 
skeleton are the l-faces of the polytope. It is shown that this skeleton contains a Hamiltonian tour such 
that the Hamiltonian cycles in K, corresponding to two successive vertices differ in a single interchange, 
i.e., the interchange graph corresponding to the TSP-polytope is Hamiltonian. It is also shown that the 
skeleton can be covered by f(n-2)! cliques, and has diameter at most n - 3. 
1. Introduction 
Throughout this paper, unless otherwise stated, n is an integer 2 3. The set of all 
Hamiltonian tours on the complete graph K,, is denoted by S(n). K,, has (t) edges 
and +(n - I)! Hamiltonian tours, Let E be the edge set of K,. Define xh E IRE as the 
characteristic vector of h E S(n) by 
p = 
1, if eeh, 
e 
0, otherwise. 
The polytope 
Q” = conv(,?E IRE ) h ES(~)} 
is called the (n-city) symmetric Traveling Salesman Polytope (TSP-polytope); see, 
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e.g., [2]. The characteristic vectors corresponding to the Hamiltonian tours in K,, 
are in one-to-one correspondence to the extreme vertices of Q”; they are vertices of 
the unit hypercube in II?@. The dimension of Q” is equal to a(n)@ - 3); see 
11,2,61. 
The skeleton of Q”, denoted by Skel(Q”), is the graph whose vertex set is the 
vertex set of Q” and edge set is the set of l-faces of Q”. 
Two vertices u and o of a graph G are called adjacent iff they share a common 
edge. Instead of “two vertices of Skel(Q”) are adjacent”, we will also write “two 
Hamiltonian tours in K,, are adjacent”. The question whether two vertices of 
Skel(Q”) are nonadjacent is NP-complete; see [9; 2, p. 841. The following lemma 
gives a sufficient condition for two vertices to be nonadjacent on Skel(Q”); it is 
called the union-intersection criterion. Throughout, E(h) is the edge set correspond- 
ing to h. 
Lemma 1. Let hl and h2 be different Hamiltonian tours in K,. Then pChl) and 
fl(%) are nonadjacent on Skel(Q”) if there are two different Hamiltonian tours h3 
and h4, both different from h, and h2, such that 
E(h,) U E(h,) = E(h,) U E(h,) and E(h,) fl E(h,) = E(h,) rl E(h,). 
Proof. See [3, Lemma 1.2.201. 0 
An extensive number of results on adjacency for several combinatorial polytopes, 
including the asymmetric TSP-polytope, is given in [3]. This book also contains the 
discussion on Murty’s paper [7], where necessary and sufficient conditions are given 
for two directed Hamiltonian tours being adjacent, whereas Rao [lo] showed that 
these conditions are not sufficient. In Section 2 we give a necessary and sufficient 
condition for adjacency of two Hamiltonian tours h, and h2 in terms of the 
Hamiltonian tours h such that E(h)CE(h,) U E(h2). The diameter of a graph is the 
maximum distance of any pair of vertices of G, with “distance of two vertices” 
being defined as the length of the shortest path between the two vertices. 
In [2] two research problems are formulated with respect to Q”, namely 
(a) Determine the diameter of Q”. (Conjecture: diameter of Skel(Q”) is 2.) 
(b) Is the skeleton of Q” Hamiltonian? 
The answer to (b) is affirmative. This follows directly from Naddef, Pulleyblank [8, 
Theorem 3.61. Actually, they show that Skel(Q”) is Hamiltonian-connected, which 
means that each two vertices can be connected by a Hamiltonian path in Skel(Q”). 
In Section 3 it is shown that the interchange graph (see Section 2) corresponding to 
Skel(Q”) is Hamiltonian. Section 4 deals with cliques in Skel(Q”) and gives an 
upperbound for its diameter. 
The symmetric Traveling Salesman Polytope 65 
2. Adjacency on the TSP-polytope 
In [3] adjacency on the polytope formed by the subsets of some given set is de- 
fined in terms of convex hulls (Definition 1.2.17). In the spirit of this definition we 
have the following basic result; see also [8]. For two Hamiltonian tours h, and h2 
in K, we denote by K,, ) h,, h2 the restriction of K, to h, and h2, i.e., the spanning 
subgraph of K, with edge set the union of all edges of h, and h,. 
Theorem 2. Let h, and h2 be different Hamiltonian tours in K,,. Let h3, . . . . h, be 
the Hamiltonian tours in K,, j h,, h2 different from h, and hZ. Then the following 
assertions are equivalent. 
(i) ME and ME are adjacent on Skel(Q”); 
(ii) conv {x E@l), ~~(~2)) n conv{,$@3), . .. , ,@@r)} = 0. 
Proof. (i) + (ii) is straight from the definition of adjacency. 
(ii) a (i): Suppose to the contrary that h, and h2 are not adjacent on Skel(Q,). 
Let 
z E conv{x E(hl), A+)} tl conv {x ‘(‘) ( h E S(n) \ {h, h2}). 
Let m=+(n-l)!. There exist real numbers cr,, a2, a,,...,cw,~O with al+crz=l 
and a3 + *..+a,=1 such that 
z = alXWl) + a2XE(h2) = 03xW9) + . . . + a ,- -p,) + . . . + a m ~-wd > 
and such that h,, , . . , h, are the Hamiltonian tours in K,, 1 h,, h2 different from h, 
and h2. Clearly, for each jE {r + 1, . . . , m} there is an index ij such that 
O=Zi,=(Y,+lX~(h”l)+...+aj+...+cw,x~(h”). 
Hence, oj=O for each j=r+ l,...,m, so that 
zEconv{x WJXE(W} (-) cOnv{X~(W, . .. ,Xm}* 
This contradicts (ii). Therefore, xE@l) and xEth2) are adjacent. 0 
Corollary 3. Let h, and h2 be different Hamiltonian tours in K,, and let there be at 
most one Hamiltonian tour in K, 1 h,, h2 different from h, and hz. Then xEChl) and 
xEChz) are adjacent on Skel(Q”). 
Proof. Since the characteristic vectors corresponding to the Hamiltonian tours in K, 
are all extreme vertices of Skel(Qn), this is a direct consequence of Theorem 2. Cl 
This corollary can be considered as an extension of Murty’s theorem; see 
Hausmann [3, Theorem 1.4.71. 
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Corollary 4. Let h, and h, be different Hamiltonian tours in K,,. Let h,, . . . , h, be 
the Hamiltonian tours in K,, 1 h,, h2 different from h, and h2. Then xEchl) and 
xECh2) are adjacent on Skel(Q”) if 
i, Wd \,c3 E(hj) z 0. 
i=l 
Proof. Let ei EE(h;)\ UT=, E(hj). Suppose to the contrary that xEchl) and xEch2) 
are not adjacent. Then there are real numbers ol, . . . , o,?O such that czl + (r2= 1 
and a3 + a.. + (Y, = 1 with 
alXE(h) + a2XE(hz) = a3XE(hd + . . . + arxE(hr). 
We actually have that (rl , a2 > 0. NOW take any e E Uf=, E(hi)\ UJz3 E(hj). Then, 
clearly, X-%) = . . . = XE(hr) = 0 . Assume ecE(h,). It then follows that 
al +(x~,$(~~)=O. So, if eEE(hz) then a1 + a, = 0, and if e$E(hz) then a, = 0. In 
both cases there is a contradiction. 
Theorem 2 implies that xEchl) and xEch2) are adjacent. 0 
The interchange graph of Q”, denoted by Int(Q”) is the graph whose vertex set 
is the set of vertices of Q” and with an edge between two vertices u and IJ iff the 
corresponding Hamiltonian tours h, and h, differ in a single interchange. This 
means that there are four pairwise different vertices x1, x2, x3, x4 of K,, such that 
h, and h, only differ in the edges x1x2, x3x4, x1x4 and ~2x3, such that x1x2 and x3x4 
are edges of h, and ~2x3 and x1x4 edges of h,. 
This type of interchange is well known from, e.g., the 2-OPT algorithm for the TSP. 
Theorem 5. Int(Q”) is a +(n)(n - 3)-regular subgraph of Skel(Q”). 
Proof. Clearly Int(Q3) = Skel(Q3) and Int(Q4) = Skel(Q4). For nr5, it is easy to 
check that if h, and h2 are adjacent on Int(Q”) then they are the only Hamiltonian 
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tours in K,, 1 h,, h2. Thus, by Corollary 3, hi and h2 are adjacent on Skel(Q”). The 
fact that Int(Q”) is +(n)(n -3)-regular is obvious. 0 
Note that the number +(n)(n-3) in Theorem 5 is also the dimension of Q”. In 
the following example h, and h2 are adjacent on Skel(Q’), but not on Int(Q’). 
W-Q E(h,) E(h,) u E(h,) 
This follows from Corollary 3, because h, and h2 are the only Hamiltonian tours 
in K7 ) hl,h2. 
We conclude this section with an example in K8 with three Hamiltonian tours 
that are pairwise adjacent on Skel(Q’). 
One can easily check that E(h,)UE&)U E(h,) only contains the Hamiltonian 
tours hi, h2, and h3. According to Corollary 3 they are pairwise adjacent on 
Skel(Q*). Also note that edge (2,3) is in both hi and h2 but not in h3. So, also ac- 
cording to Corollary 4, h, and h2 are adjacent. 
3. The interchange graph is Hamiltonian 
In this section a direct proof is given of the Grotschel-Padberg conjecture (see, 
[2, p. 305]), stating that the skeleton of the TSP-polytope is Hamiltonian. An even 
stronger result is presented here, namely that there exists a cycle of interchanges con- 
necting all Hamiltonian tours in K,,, i.e., Int(Q”) is Hamiltonian. 
Theorem 6. Int(Q”) is Hamiltonian. 
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Proof. Consider K,, + 1 . Label the vertices of K,,, by 1,2,3 ,..., n,n+l. By 
K,, + , \ (n + l} we denote the complete subgraph of K, + , on the vertices 1,2, . . . , n. 
Clearly, K,,+ 1 \ {n + 1 } is isomorphic to K,. 
Claim 1. Let h be a Hamiltonian tour in K,,, 1 \ (n + l} and ik_ 1, ik, ik+ 1 be suc- 
cessive vertices of h. Then h’ and h” defined by 
E(h’)=E(h)\{(i,_,,ik)}u{(ik-l,n+l),(ik,n+l)} 
and 
E(h”)=E(h)\{(ik,ik+l)}U{(ik,n+l),(ik+~,n+l)I 
are adjacent Hamiltonian tours on Int(Q”+‘>. 
-..[;-_, “l’ q$p# 
n+l n+l 
This is immediately clear from the fact that they differ in the single interchange: 
(ik+l,n+ l),(i,-l,i,)er(ik,ik+l),(ik-l,n+ 1). 
Claim 2. Let hl and h2 be adjacent Hamiltonian tours on Int(Q”); say (i,,&), 
(i3,i4)EE(hl) and (iI,&), (i2,i3)EE(h2). Let (n,k)EE(hl) with lsksn- 1. We 
may assume that (n, k} fl (i3, i4} = 0. 
Then h’ defined by 
E(h’)=E(h~)\{(n,k)IU{(n,n+1),(k,n+l)} 
is a Hamiltonian tour in K,, + , adjacent on Int(Q”+‘) to either h” or to h”, with for 
{il, i2} #{n, k}, h” is defined by 
E(h”) = E(h,)\ {(n, k)} U {(n, n + I), (k, n + I)>, 
and for {i,, iz} = {n, k}, say i, = n and i2 = k, h” is defined by 
E(h”) EE(h2)\ ((n, k)} U {<n, n+ l), (4, n + 111. 
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i4 
/-, 
k = i2 
n+l n+l 
The interchanges between h’, h” and h’, h” are obvious. 
Generating cyclic permutations: Define C, = (123), C4 = (1234,23 14,3 124) and 
12345 23415 
c, = i 23145 31425 
34125 41235 
31245 12435 
14235 42315 1 . 
24315 43125 
For kr5, let C,={cF’} with i=l,...,+(k-2)! and j=l,...,k-1. Ck+i is for 
k=5, . . ..n defined by 
c!k+i) = (&l(c$) 1J 9 k+ 1) 
with i= 1, . . . . +(k- l)!, j= l,..., k, a=L(i-l)/(k-l)j+l=ri/(k-1)1, P=i- 
(k-l) L(i-l)/(k-l)J, and n(il,i2 ,..., ik)=(i2 ,..., ikril). E.g. for k=5, i=7 andj=3 
we find (Y = 2, p= 3 and therefore c(@ -73 (z2(c;$), 6) = (7r2(c$)), 6) = (n2(14235), 6) = 
235146. 
Claim 3. The chain (c[y “), . . . , cl”,’ ‘I, cg+ ‘), . . . , cgf ‘), . . . , cc: “) is a Hamiltonian 
path in Int(Q”+‘) with m=+(n-l)!. 
The two Hamiltonian tours corresponding to CT’) and c$++‘i in Ck+i are adja- 
cent according to Claim 1. Two Hamiltonian tours corresponding to c$+‘), c:!++,‘~ 
are adjacent according to Claim 2. 
Claim 4. c{y’ ‘) and c:: ‘) with rn = +(n - l)! correspond to adjacent Hamiltonian 
tours on IntCQ”“). 
This follows from the fact that ci?+‘) = (1,2,3, . . . , n, n + 1) and c$; ‘) = 
(n,n-l,..., 3,1,2, n + l), differ in the single interchange 1 cf 2. q 
Theorem 7. Skel(Q”) is Hamiltonian. 
Proof. Direct consequence of Theorems 5 and 6. Cl 
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The idea behind the following interesting Hamiltonian tour in Int(Q”) is due to 
Hoogeveen, Lenstra [4]. This Hamiltonian tour consists of “neighbour” inter- 
changes. Cyclic permutations are generated using the “bell-switch” method of 
Steinhaus; see, e.g. Lenstra [5, p. 461. The idea behind this method may become 
clear from the following example: 
123456 +- 123465 +- 123645 + 126345 + 162345 
1 
123546 -+ 123564 -+ 123654 --+ 126354 
1 
125346 + 125364 + 125634 + 126534 
1 
152346 + 152364 --, 152634 -+ 156234 
1 
152436 + 152463 +- 152643 +- 156243 
1 
125436 --* 125463 --) 125643 --) 126543 
1 
124536 + 124563 + 124653 e 126453 
1 
124356 -+ 124365 --f 124635 --* 126435 
1 
142356 + 142365 + 142635 + 146235 
1 
142536 --f 142563 -+ 142653 + 146253 
145236 +- 145263 + 145623 + 146523 
1 
T 
162354 
T 
162534 
T 
165234 
T 
165243 
T 
162543 
1 
162453 
1 
162435 
T 
164235 
T 
164253 
t 
164523 
T 
154236 -+ 154263 --) 154623 --* 156423 + 165423 
Note that the elements in the first column differ in a single “neighbour” inter- 
change. Also note that two “horizontal” neighbours as well as two “vertical” 
neighbours in the above matrix are adjacent on Int(Q”). So this matrix generates 
a grid graph with an even number of rows for nr5. Therefore, it contains a 
Hamiltonian cycle. One of these cycles is depicted by the chain of arrows in the 
above matrix. Finally, note that the Hamiltonian path (123456, . .. ,162345,162354, 
. . . , 123546, 125346, . .. . 154236) in the above matrix cannot be made into a Hamilto- 
nian tour on Int(Q6), because 123456 and 154236 do not differ in a single inter- 
change. 
4. The diameter of the TSP-polytope 
As is mentioned above, Grotschel and Padberg [2] have conjectured that the 
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diameter of Skel(Q”) for n> 5 is 2. Clearly, for n = 3 the diameter is 0, and for 
n = 4 the diameter is 1. For n = 5 there are 12 Hamiltonian tours. Below is depicted 
the graph Int(Q’). 
1 = 12345 
2 = 23415 
3 = 34125 
4 = 41235 
5 = 23145 
6 = 31425 
7 = 14235 
8 = 42315 
9 = 31245 
10 = 12435 
11 = 24315 
12 = 43125 
One can easily check that diam(Int(Q’))=3. 
The graph Skel(Q”) contains some interesting cliques, namely the subgraphs on 
the vertices that constitute rows of the matrix C,,, as defined in the proof of 
Theorem 6. Note that cliques have diameter 1. From this it follows directly that 
diam(Skel(Q5)) = 2. 
Theorem 8. Let H be a Hamiltonian tour in K, \ {n}, n 24. The subgraph of 
Skel (Q”) restricted to the vertices 
(H, n), (nH,n), (n2H, n), . . . . (zc”-~H, n) 
is a clique. There are +(n - 2)! such cliques in Skel(Q”). 
Proof. Label the vertices of K,,\ {n} such that H=(l, . . ..n- 1). Let il, i2, i,, i4 be 
vertices of H with il < i2 I i3 < i4 and with (iI, iz) and (i3, i4) edges of H. We will show 
that the Hamiltonian tours H’ and H” with E(H’) =E(H) \ { (il, i2)) U {(n, il), (n, i2)) 
and E(H”) = E(H) \ ( (i3, id)} U ((n, ij), (n, i4)} are adjacent. 
The following cases are distinguished. 
(a) i, < i2 = i3 < id. According to Claim 1 in the proof of Theorem 5 we have that 
H’ and H” are adjacent. 
(b) i,<i,<i,<i,. First consider n=5. Let il=l, i2=2, i,=3 and i4=4. Then 
E(H’) UE(H”) contains, besides H’= (23415) and H”= (41235), two more Hamilto- 
nian tours, H”=(12345) and H’“=(34125). Clearly, H”’ and H” are the only 
Hamiltonian tours in E(H’) UE(H”). It is easy to show that conv(XE(H’),fl(H”)} fl 
conv{xE , Vf”‘) #Ha)) =0, so that, using Theorem 2, H’ and H” are adjacent. For 
nr6, we have the following cases. 
In case i3=i2+1 and i,+l>i,, there is, besides H’ and H”, only one more 
Hamiltonian tour in E(H’) U E(H”), namely, the tour defined by E(H) \ { (iz, ij)} U 
{(G 91 U {(G is)). H ence, according to Corollary 3, H’ and H” are adjacent. 
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If is> i,+ 1 and i4 + 1 > ii, then E(H’) UE(H”) contains just the two tours H’ 
and H”. So, again by Corollary 3, H’ and H” are adjacent. 0 
We conclude with an upperbound on the diameter of Skel(Q”). 
Theorem 9. Let nrti. Then the following holds: 
(a) diam(Int(Q”)) = n - 2; 
(b) diam(Skel(Q”)) 5 n - 3. 
Proof. Let H, and H2 be different Hamiltonian tours on K,. Without loss of 
generality we may assume that 
H, =(1,2,3 ,..., n) and H2=(l,i2,i3 ,..., i,_3,in-2,in-1,in). 
It takes n - 4 steps to change the first n - 3 positions of H2 such that these positions 
become 1,2,3, . . . , n - 3. Each of these n - 4 steps is an interchange of the form 
(l,..., a,~, ..., ak,b ,... )-(l,..., b,ak ,..., q,a ,... ), 
i.e., a single interchange in a and 6. Clearly, such an interchange yields an edge on 
Int(Q,J between (l,..., a,al ,..., a,,b ,...) and (l,..., b,ak ,..., ~,,a ,... ); see Corol- 
lary 3. Clearly, it takes two more interchanges to obtain the natural ordering. 
Hence, diam(Int(Q”)) I n - 2. Simple examples show that diam(Int(Q”)) = n - 2. 
We now show that it takes at most one more step on Skel(Q”) to put the last 
three positions in the natural ordering. In general, this step does not yield an edge 
on Int(Q”). However, we shall see that it is an edge on Skel(Q”). In [ll] the 
3-interchange graph corresponding to Skel(Q”) is studied. 
Suppose that after executing the above described n - 4 steps, we end up with the 
tour 
H2=(1,2,3 ,..,, n-3,j,-2,jn-l,jn). 
If only two of theji’s are in the “wrong” position, it takes one step (on Int(Q”)) 
to put all three ji’s in the natural ordering. So, we may assume that all three ji’s 
are in the wrong position, say j, _2 = n - 1, j, _ 1 = n, j, = n - 2. Hence, we have the 
following picture, with Hp-4)=(1,2,...,n-3,n-1,n,n-2). 
_ --- 
1 /’ L -. 
2Y 
n-3 
w (n-4) 
2 
n n-2 
n-l 
Using Theorem 2 we show that HI and HpW4) are adjacent on Skel(Q”). To that 
end consider E(H,) U E(H, (n-4)) One can easily check that there are no Hamilto- . 
nian tours on E(H,)UE(Hp-4’) different from H, and Hpm4). Therefore, 
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Theorem 2 implies that H, and Hz(nm4) are adjacent on Skel(Q”). This implies 
that the “distance” between HI and H2 is <(n -4) + 1 =n - 3, and therefore, 
diam(Skel(Q”)) 5 n - 3. 0 
The following example shows that two Hamiltonian tours on K,, that differ in 
more than three positions (in the proof of Theorem 9 we have considered the dif- 
ference in precisely three positions) are not adjacent on Skel(Q”), in general. Take 
the two Hamiltonian tours H, and Hz on K, given by 
H, = 1234567 and H2 = 3142567. 
The Hamiltonian tours on E(H,) U E(H,) different from HI and H2 are 
H3 = 1432567, H4 = 1324567, H5 = 1342567, 
H6 = 1376542, H, = 1256734, H, = 1456732. 
Let K7 ) H,, H2 be labeled as in the picture below. 
6 5 5 
6 4 
7 B9 
@ 
4 
7 
10 12 3 
1 11 3 
1 2 
The adjacency matrix of HI, . . . , Hs is depicted in Table 1. Note that the columns 
are the characteristic vectors of the corresponding Hamiltonian cycles. 
Table 1 
HI H2 H3 H4 H5 6 H7 fh 
110000111 
2 10110001 
3 10101010 
4 10010101 
5 1 1 1 1 1 1 1 1 
6 1 1 1 1 1 1 1 1 
7 00111000 
8 01000111 
9 0 1 1 0 1 0 1 0 
10 0 1 1 0 0 0 1 1 
11 0 1 0 1 1 1 0 0 
12 0 1 0 1 1 1 0 0 
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It is now easily seen that the following holds 
According to Theorem 2, this implies that Hi and Hz are not adjacent on Skel(Q’). 
From this example we may conclude that, in general, we cannot rearrange four 
positions in one step on Skel(Q”) into the natural ordering. So, the arguments of 
the proof of Theorem 9 cannot be used to lower the bound n - 3. This might mean 
that there is less evidence for the conjecture that the diameter of Skel(Q”) is 2; 
however, calculations have shown that the diameter is 2 for n 5 9. 
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